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Oxidizer feed-system coupled instabilities have been observed in several liquid and 
hybrid propellant rocket engines, though, not likely to be catastrophic for the latter. 
However, severe pressure oscillation in hybrid rocket may result in a significant reduction in 
the performance of the propulsion system restricting the application of the technology. In 
this research, it was studied, theoretically and experimentally, feed-system coupled 
instabilities for hybrid rocket engines. Two test campaigns were performed to investigate the 
effects of the pre-combustion chamber and oxidizer injector configurations on engine 
pressure oscillation. Then, an extended mathematical formulation, including the injector 
pressure drop, the pre-combustion chamber residence time, the gas residence time, and the 
combustion time lag, has been proposed. The investigation was based on a transfer function 
using the stability limit analysis and the root locus method. It has been found that the 
configuration of pre-combustion chamber plays an important role in the nature of the feed-
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system coupled instabilities, and a correlation was proposed to predict the fundamental 
frequency based on the oxidizer pre-combustion chamber residence time. The work has 
shown that the pre-combustion chamber length and the oxidizer injection velocity are key 
parameters that affect the period of the pressure oscillations in hybrid engines subjected to 
feed-system coupled instabilities.  
Nomenclature 
An.t = nozzle throat area (m2) 
a, n = regression rate constants 
c* = characteristic velocity (m/s) 
'c  = combustion time lag coefficient 
D = fuel port diameter (mm) 
f = frequency (Hz) 
G = oxidizer mass flux (kg/m2/s) 
gc = constant of proportionality; for SI: (1 kg∙m/N/s2), for EE: (386.087 lbm∙in/lbf/s2) 
Lpre = pre-combustion chamber length (mm) 
Lf = fuel length (mm) 
L* = L-star (m) 
M = Mach number 
Mc = chamber gas mass 
m  = mass flow rate (kg/s) 
O/F = oxidizer to fuel mixture ratio 
P = pressure (bar) 
'P  = pressure oscillation amplitude 
P* = ' cP P  
ΔP = injector pressure drop 
ΔP* = 
2
c
P
P

 
R = gas constant, 8.314 J/mol/K 
r  = regression rate (mm/s) 
T = temperature (K) 
u = velocity (m/s) 
Vc = chamber volume (m3) 
 
Greek Symbols 
γ = specific heat ratio 
ηc = combustion efficiency 
θg = bulk gas residence time (s) 
ρ = density (kg/m3) 
τcomb = combustion time lag (ms) 
τpre = pre-combustion chamber residence time (ms) 
ω = angular frequency (rad/s) 
 
Superscripts 
  = average 
̂  = Laplace transform variable 
 
Subscripts 
c = combustion gas, chamber 
f = fuel 
i = injector 
ini = initial 
ox = oxidizer 
pre = pre-combustion chamber 
t = oxidizer tank 
th = theoretical 
tot = total 
 
I. Introduction 
ombustion instabilities in rocket systems produce undesirable pressure oscillations in the combustor. The 
phenomena occur when the fluid and the combustion dynamics of the system result in sustained oscillatory energy 
affecting the combustion process itself, the liquid propellant supply, and the structural integrity of the motor [1]. 
Combustion instabilities cause gas pressure peaks and increase the heat transfer to the combustor walls to such an 
extent that may destroy the whole system. Hybrid rocket pressure oscillations of low frequency and large amplitude 
have been observed by many researchers [2-7]. Such manifestation is not as catastrophic for hybrid rocket engines 
as it is for liquid and solid systems. However, severe pressure oscillation can result in a significant reduction in the 
performance of the propulsion system, trigger other types of instabilities [2], or restrict the application of the 
technology, depending on mission requirements. Some studies have confirmed the influence of the pre-combustion 
chamber flow condition on the stability of hybrid rocket engines. It is generally accepted that the stability level of 
the motor is controlled by some features of the pre-combustion chamber, like the injector configuration, the chamber 
volume/geometry, and the oxidizer gas heating sources. It is known that the type of liquid oxidizer injection has a 
great influence on the combustion instability of hybrid rocket engines [8-13]. However, the extent of the impact of 
the injection system on motor stability differs. For instance, Boardman et al. [8, 9] have shown that the axial 
injectors enhanced combustion stability as compared to the radial and the 45-deg configurations. Pucci [10] and 
Carmicino [11] have obtained similar results, i.e., axial injectors are more efficient in stabilizing the gas pressure 
than radial and swirl oxidizer injectors. They claimed that a strong central toroidal recirculation zone (CTRZ) in the 
pre-combustion chamber entrains hot combustion gases and cold oxidizer, and the hot-gas recirculation zone heats 
the incoming oxidizer to a sufficiently high temperature to decompose fuel ahead of the flame leading edge, thus it 
can stabilize the flame sheet. Additionally, Bellomo et al. [12] and Kim et al. [13] have shown that the swirl 
injectors enhance combustion stability more efficiently than the axial counterpart. They concluded that low-
frequency instability could be suppressed by the application of swirl injectors. In spite of the strong influence of the 
injection system on the instability of hybrid rocket engines, it seems premature to affirm that it is the sole parameter 
to be concerned about. Preliminary studies from our research group have indicated a significant influence of the pre-
combustion chamber design containing injector on the feed-system coupled instability of hybrid rocket engines. 
Therefore, a deeper investigation on the effects of pre-combustion chamber configuration on the low-frequency 
instabilities in hybrid rocket systems is opportune. 
C
Feed-system coupled instabilities have been observed in hybrid and liquid rocket engines. It is a type of dynamic 
instability in which the time-dependent response of the propellant flow is related to the unsteady combustion 
pressure. Feed-system coupled instabilities in the context of liquid rocket engines are well understood, and 
correlations to predict the fundamental frequency of the instability have been developed [14, 15]. However, it is not 
recommended to directly apply the instability theory of liquid rocket engines to its hybrid counterpart. Hybrid rocket 
combustion characteristics differ from those of liquid engines in many aspects in spite of the similarities related to 
the oxidizer feed-system response to pressure oscillation inside the combustor. 
This paper presents a new approach to predict feed-system coupled instabilities of hybrid rockets engines. The 
proposed method takes into account the influence of the parameters such as the pre-combustion chamber residence 
time, the bulk gas residence time, the injector pressure drop, and the combustion time lag on the combustion 
instabilities of hybrid rocket engines. For that, a linear analysis of the stability condition using the root locus tool 
from linear systems theory was conducted. Furthermore, the sensitivity of the system to the variation of some design 
parameters of the engine was analyzed. The proposed model was validated using experimental data which were also 
employed to infer a correlation to predict the fundamental frequency of the system as a function of the pre-
combustion chamber residence time. The paper is organized as follows: first a linearized model for hybrid rocket 
engine instabilities is presented (i); followed by the application of the proposed model on stability limit and root 
locus analysis (ii); then, we describe the experimental setups and the associated data obtained from two test 
campaigns (iii) that were employed to validate the proposed model (iv); and a correlation to predict the fundamental 
frequency as a function of the oxidizer pre-combustion chamber residence time has been proposed (v). 
II. Linearized Model for Hybrid Rocket Engine Instabilities 
The Time-Lag-Based combustion instability model has been proposed to explain the low-frequency instabilities 
in hybrid rocket engines. The basis of the hypothesis is that a time lag exists between an arbitrary fluctuation in the 
propellant flow and its subsequent manifestation in the combustion chamber pressure [16, 17]. The time lag concept 
in hybrid rocket engines accounts for the delay associated with the evolution of combustion gases in relation to the 
time the oxidizer had been injected. 
Instabilities that are commonly generated in hybrid rocket engines are bulk mode, meaning that pressure 
oscillation can occur over the entire volume of the combustion chamber. Hybrid rocket combustion chamber 
pressure depends on the rate of gaseous oxidizer mass inflowing into the flame over fuel grain surface, the fuel mass 
evaporated from the solid fuel surface, the propellant mass expelled through a nozzle, and the accumulation of the 
gas in the chamber [18]. The continuity equation which is a bulk mass balance in a hybrid rocket combustion 
chamber can be written as 
 
           c c ox f n
d
V m t m t m t
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       (1) 
 
The present research is focused on the feed-system coupled instability, not on the intrinsic low frequency 
oscillations where feed-system dynamics is very rigid. A certain residence time, τpre, is required before the oxidizer 
flowing through the injector reacts in the flame with the fuel evaporated from the solid grain surface. The proposed 
residence time refers to the time delay that the oxidizer flow leaves the injector and reaches the flame zone. Hence, 
the oxidizer entering the flame zone at time (t) corresponds to the oxidizer leaving the injector at time (t- τpre). It is 
an approximation of complex intermediate processes, accounting for the oxidizer impingement, the atomization, the 
evaporation, and the flow towards the flame zone before the oxidizer is mixed with the fuel vaporized from the grain. 
The time delay describes the evolution of these processes and, for simplicity, it was replaced by two distinct events 
as shown in Eq. (2). 
 
    ox i prem t m t     (2) 
 
The oxidizer passing through an injector orifice, with cross-sectional area Ai and discharge coefficient Cd, 
satisfies the Bernoulli’s equation, with a mass flow rate given by: 
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The oxidizer mass flow rate has a strong influence on the regression rate of the solid fuel in hybrid rocket 
combustion, and the fuel burning-rate,  fm t  in Eq. (1), can be expressed as: 
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Besides τpre, another time delay τcomb was also considered in this research. Although both parameters represent 
time lags, τcomb has a different physical meaning from τpre. The former is referred to as the time necessary for the fuel 
mass flow rate to adjust to change in the oxidizer mass flow rate into the flame. Hence, the oxidizer existing in the 
flame zone at some time (t-τcomb) is consumed to produce vaporized fuel on the solid surface at a later time (t). It is 
an approximation of complex intermediate processes, and the time line of the events occurred during the combustion 
time lag are: heat is transferred from the flame to the surface of the fuel (i), then, it melts (ii) and vaporizes the fuel 
(iii). Gaseous fuel is transported (iv) and reacts with the oxidizer in the flame zone (v). 
The last term in Eq. (1),  nm t , is the mass flow rate of combustion products at the nozzle entrance. From 
compressible isentropic flow, the mass ejection rate is given by Eq. (6), which can be expanded in a Taylor series 
using pressure and temperature parameters, normalized by the mean flow rate gas state [17]. The quasi-steady 
linearization of this term is expressed by Eq. (7) in terms of the normalized states ( m , P , T ) and the perturbative 
parts ( nm , P , T  ). The chamber pressure, Pc, can be decomposed into steady ( cP ) and fluctuating ( cP ) 
components of the property. Accordingly, other parameters such as the mass flow rate, the temperature, the density, 
and the chamber volume can be decomposed into steady and fluctuating parts. 
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For simplicity, propellant gas in a chamber obeys the perfect gas law, subjected to the isentropic process, that is 
 
 c cP const
    (8) 
 
From the linearization and the Laplace transforms of the perturbation equations Eq. (1) and Eq. (3), after 
substituting Eq. (2), Eq. (4), Eq. (7), Eq. (8), and the ideal gas law equation into Eq. (1), we can obtain a transfer 
function for low-frequency combustion instabilities in hybrid rocket engines expressed by the following equation 
included the time delays τpre and τcomb. 
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In order to derive Eq. (9), the mass flux exponent in Eq. (4) was considered equal to 0.5 (n=0.5). This is a 
reasonable assumption since the oxidizer mass flux exponent has been observed to range from 0.5 to 0.75 regardless 
of the type of propellant for most hybrid propulsion systems [1, 19, 20]. And the time rate of change of the chamber 
gas volume was neglected because the fuel regression rate is on the order of a few mm/s, much slower than 
combustion time scales. 
The term θg in Eq. (9) referred to the gas residence time, which is the average time that a gas element resides in 
the chamber prior to reaching the nozzle entrance, was written in terms of the rocket engine parameters as follows 
[18, 21] 
 
 
* Vcc th
g
n ct c
M c
A g RTm
     
 
 (10) 
 
Pre-combustion chamber residence time (τpre) is modeled as shown in Eq. (11). It takes into account the 
combined elapsed time for the oxidizer to break up into small particles (atomization) and the time for the droplets to 
evaporate and reach the flame front. In that sense, the type of oxidizer, the design of the injector, the size of the pre-
chamber, and the interaction between the droplets and the bulk flow play an important role in the parameter. Eq. (11) 
states that these phenomena occur in the time when the oxidizer flow travels from the exit of the injector plate to the 
flame front in the boundary layer. 
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Similarly, the combustion time lag (τcomb) is modeled by the following equation  
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where τcomb is physically similar to the boundary-layer lag (τbl) proposed by Karabeyoglu et al. [22], corresponding 
to the time necessary for the hybrid boundary layer properties to adjust to change in the oxidizer mass flow flux. The 
model of the boundary-layer delay was suggested considering an incompressible turbulent boundary layer without 
blowing effects and chemical reactions, and τbl is proportional to the time of flight of a fluid particle from the 
leading edge of the boundary layer to the specific axial location at the speed of the freestream flow (τcomb was 
modeled in the same way). The coefficient c' in Eq. (12) can be determined empirically, and it should be estimated 
for the specific operating conditions. The value was estimated to be approximately 2.05 for typical hybrid rocket 
operation by Karabeyoglu et al. [22]. 
III. Combustion Stability Analysis 
A. Stability Limit Analysis 
Stability investigations can be performed with the derived transfer function. Stability limit approach is useful to 
investigate stability behavior of a rocket engine by altering various motor operating parameters [23]. In order to 
analyze the stability limit, the denominator in the characteristic equation of the system in Eq. (9) was set to zero, 
leading to Eq. (13) after substituting s=iω. The stability limit analysis splits the state space into two regions, 
nominally stable and unstable. 
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Using the Euler’s formula for complex exponential functions, the denominator can be written in terms of real 
and imaginary parts. The real and the imaginary parts of the denominator give, respectively, the following equations: 
 
 
 
 
*
*
2
2 *2
*
*
/ cos/ 1
P
sin1
2 / 1
P
comb
combg
pre
pre
O F nO F
n
O F


 



 
 
                   
  
 (14) 
      * * * * */ 1 1P cos sin sin 0
2
g
pre pre pre comb
pre
O F
n
    
 
       
  
 (15) 
where *
2
P
c
P
P

  , *pre pre  , and 
*
comb comb  . 
 
By solving Eq. (14) and Eq. (15), it can be found that ΔP* is a function of θg/τpre and 
*
comb . The relation among 
ΔP*, θg/τpre, and *comb is represented in Fig. 1. Stability limit curves were plotted specifically for γ = 1.27, O/F = 3, 
and three arbitrary values of *comb , π/4+2π(z-1), 5π/6+2π(z-1), and 5π/4+2π(z-1), where z is an integer. For each 
*
comb  value, the region of stable operation is above the limit curve. It can be seen that the stable combustion regime 
becomes broad as θg/τpre increases at a fixed ΔP*, or as ΔP* increases at a fixed θg/τpre. It could be also confirmed 
from the plot that the stable regime is greatly influenced by *comb . There are several strategies to improve feed-
system coupled stability, e.g., by increasing the pressure difference between the feed line and the combustion 
chamber, by increasing the volume of the combustion chamber (increased θg), or by reducing the pre-combustion 
chamber length or the cross-sectional area of injector orifices (reduced τpre). 
 
Fig. 1 Stability limit for feed-system coupled instability in hybrid rockets. 
 
B. Root Locus Analysis 
Another tool that can be used to investigate the stability of the system is the root locus. This is a representation 
of how the roots of a system change on the complex plane after varying a certain parameter. Its primary advantage 
lies in the fact that the gain and phase of the system are presented simultaneously. The root locus can be used to 
calculate the neutral oscillation frequency (NOF, also called Peak Oscillation Frequency) for different values of τpre 
and τcomb. This is the corresponding frequency at which the locus crosses the imaginary axes of the complex plane 
causing instability in the system. Parametric analysis with the root locus is easier to perform than that using the 
condition in Eq. (14) and Eq. (15), because different values of the parameters can be evaluated, simultaneously, on a 
single plot of the root locus. The transfer function, Eq. (9), can be adjusted to draw the root locus using the Padé 
approximant for the two exponential terms at the denominator. The resulting transfer function is a numerical 
approximation of Eq. (9). Fig. 2 shows the root locus obtained with this approximation. The instability is caused by 
the two low-frequencies, complex poles close to the origin of the complex plane. The two loci departing from these 
two poles cross the instability boundary for a gain of 3.63 at a frequency of 732 rad/s, making the system unstable. 
The gain is the numerical value that expresses the parametric variation of the transfer function. This means that the 
gain changes with the variation of the parameters. By repeating the analyses with different values of τpre and τcomb 
allows to emphasize the relationship between the natural frequency and these parameters. 
 
 
Fig. 2 Root locus result. 
 
B.1 Parametric Analysis Result 
A system parametric analysis was conducted using the root locus method to find out how the parameters in the 
transfer function, Eq. (9), affect the frequency. Fig. 3 shows the frequency of the system as a function of τpre for 
different values of τcomb. For the analysis, the parameters O/F=3, n=0.5, cP =38.5 bar, ∆P=18.6 bar, θg=0.0266 sec, 
and γ=1.27 were held constant. It can be seen that the fundamental frequency has a strong negative correlation with 
τpre, especially, when it is small value. Decreased pre-combustion chamber residence time causes higher system 
frequency response, regardless of the combustion time lag. The influence of τcomb on the frequency of the system is 
also clear, mostly for small values of τpre. The relative influence of the combustion time lag on the frequency 
response of the system, for different values of τpre, can be examined with the help of Fig. 4. For pre-combustion 
chamber residence times greater than 0.1 s, the combustion time lag shows little influence on the fundamental 
frequency of the system, ultimately defined by τpre. It should be noticed that θg and O/F ratio also play their role on 
the fundamental frequency of the system, as shown in Fig. 5. However, in all of our predictions, the influence of τpre 
on the primary oscillation frequency surpassed that of any other parameter. 
 
Fig. 3 Effect of τpre on fundamental frequency with different values of τcomb. 
 
 
Fig. 4 Effect of τcomb on fundamental frequency with different values of τpre. 
 
    
(a)                (b) 
Fig. 5 Effect of θg (a) and O/F (b) on fundamental frequency. 
 
IV. Experimental Setup 
It is widely known that parameters such as the pressure drop, the gas residence time in the combustion chamber, 
and the vaporization time lag have strong influence on the feed-system coupled instability of liquid-fed rocket 
engines [14]. These parameters have also a great impact on the stability limits of hybrid rocket engines. This study, 
however, focuses on the influence of the pre-combustion chamber configuration included an injector on the 
instability of the system and on the characteristics of the oscillation frequency of the combustion chamber. Therefore, 
it relies on experimental data to validate the proposed extended model. 
Data from two test campaigns, one at the Universidade de Brasília (UnB, Brazil) and the other at the Université 
Libre de Bruxelles (ULB, Belgium), helped investigate the feed-system coupled instability of hybrid rockets. 
validate the proposed model For the experiments, the laboratories employed different combustion chamber setups. 
Nevertheless, the hybrid propulsion systems were somehow similar in size, operating pressure, and oxidizer mass 
flow rate. The test bench setups were composed of a hybrid rocket combustion chamber with temperature and 
pressure transducers, an oxidizer feed system, an ignition device, and a data acquisition (DAQ) system. Combustion 
chamber pressure oscillations were measured by piezoelectric dynamic pressure transducers, a Kistler 6052C at the 
UnB test bench and a Kistler 6061B at the ULB test bench. Strain type pressure transducers were installed into the 
combustion chamber and the oxidizer feeding line for static pressure measurements. The analog signals coming 
from the transducers were sampled at frequency of 5~10 kHz, digitally converted (16 bit resolution), processed, and 
recorded by a NI PCIe-6320 data acquisition card system (UnB). For the ULB test bench, the signal processing was 
performed by a NI USB-6218 board and a NI USB-9215 card system. Firing tests were performed automatically 
with the help of logic controllers programed in a LabVIEW environment. 
Table 1 shows the main characteristics of the two test benches and the specifications for the firing tests 
conducted at each university. Liquid nitrous oxide (N2O) was chosen as the oxidizer in combination with two 
different fuels, paraffin and high density polyethylene (HDPE). The schematic drawings for the UnB and the ULB 
test motors are shown in Fig. 6, respectively. The pre-combustion chamber of the UnB motor is exchangeable, 
allowing motor configurations with different chamber lengths. A detailed description of the system can be found in 
[24, 25]. 
 
Table 1 Specification of combustion tests 
 
 
Universidade de Brasília 
(UnB) 
Université libre de Bruxelles 
(ULB) 
Oxidizer Liquid N2O Liquid N2O 
Solid Fuel Paraffin, HDPE Paraffin 
Fuel Length 
101 mm (Paraffin), 
207 mm (HDPE) 
107.5 mm 
Fuel Port Diameter 51, 34 mm 30 mm 
Pre-combustion Chamber 
Length 
56.6, 76.6, 157.6, 177.6 mm 102.5 mm 
Pre-combustion Chamber 
Diameter 
120 mm 99 & 130 mm 
Injector Type One-hole Axial, SHa SHa, HCb, PSWc, VORd 
Oxidizer Mass Flow Rate Range 0.21-0.56 kg/s 0.35-0.65 kg/s 
Oxidizer Tank Pressure 50-70 bar 60-80 bar 
Chamber Pressure Range 3-43 bar 16-30 bar 
aShowerhead Type, bHollow Cone Type, cPressure Swirl Atomize Type, dVortex Type 
 
 
 
(a) 
 
(b) 
 
Fig. 6 Schematic drawings of UnB motor(a) and ULB motor(b) 
 
Previous researches have pointed out the strong influence of the oxidizer injection type on the instability of 
hybrid rockets engines [8-13]. For instance, there are studies [12, 13] claiming that swirl injectors increased the 
stability of hybrid rocket engines, over axial injectors, while others [8-11] have reported contradictory results. 
Therefore, the test campaign at ULB was used to verify the effects of oxidizer injection system on the motor`s 
stability. In total, five oxidizer injection systems were tested, as shown in Table 2. The recirculation zone, formed in 
the pre-combustion chamber, plays an important role in the stability of the system. Thus, a 15° injection angle 
hollow-cone (HC) injector was designed to generate a large ring vortex at the head end of the fuel grain. The 
pressure swirl (PSW) injector plate had six individual pressure-swirl injectors, each having four tangential ports to 
generate the rotational flow. Vortex injectors have been applied in hybrid rocket engines aiming to increase the fuel 
regression rate. Their behavior regarding combustion instabilities has been also object of investigation. The vortex 
injector from ULB was comprised of six holes (3 mm diameter) displayed radially along the plate with a 45° degree 
injection angle [26]. Another showerhead injector of the UnB motor was designed with holes equally distributed in 
two concentric radii with six, 1.0 mm diameter, orifices along the inner circumference and ten, 2.0 mm diameter 
orifices, in the outer circumference. 
The test campaign conducted by UnB had the main objectives of verifying the influence of pressure drop 
between the feeding line and the combustion chamber (i); the injection oxidizer flow velocity (ii); and the pre-
combustion chamber length (iii) on the stability level of the motor; and analyzing the fundamental frequency (ⅳ). 
 
 
Table 2 Main parameters of used injectors 
 
 
Injector Type 
Hole Diameter (mm) 
/ Number of holes 
Inclined 
angle to 
axial axis 
Injector L/D 
One-hole Axial UnB 10.25/1 0 º 3 
Showerhead 
UnB 
Case 1) 2/16 
Case 2) 1/6 & 2/10 
0 º 
4 
4 & 8 
ULB 
Case 1) 1.4/11  
Case 2) 1.4/21 
0 º 5.4 
Hollow Cone ULB 1.4/11 15º  
Pressure Swirl 
Atomizer 
ULB 1.5/9 0 º  
Vortex ULB 3/6 45º  
 
 
V. Results and Discussions 
Data from the firing tests along with some calculated parameters are given in Table 3. Paraffin was selected as 
the fuel for tests #1 to #26, and HDPE for test #27. The pre-combustion chamber length, Lpre, was calculated as the 
distance from the injector exit to the head end of the fuel grain. ∆P is the injector pressure drop measured as the 
difference between the feed line pressure near the oxidizer tank and the combustion chamber pressure at the 
beginning of the combustion. The parameter maxP / cP  is the maximum chamber pressure oscillation amplitude 
divided by the initial chamber pressure. Recorded samples of the chamber pressure and the feed line pressure were 
taken as the reference value for the instability analysis. In hybrid rockets, the combustion port increases as the solid 
fuel is radially consumed. The fuel length can also be altered if no component is installed to inhibit axial combustion 
at both ends of the fuel. In the models, Eq. (11) and (12), the port diameter and the fuel length are the key 
parameters to calculate τpre and τcomb. Unfortunately, real-time observation of the port diameter and the fuel length 
was not carried out in this research, giving complexity to perform such measurements. Therefore, for the analysis, 
the initial values for most of the experimental parameters were adopted. The initial geometry of the combustion 
chamber was based on the initial fuel port diameter and length, in addition to the initial volumes of the combustion 
chamber and the pre-combustion chamber. The initial fundamental frequency, fini, of the pressure oscillation was 
taken as that at the onset of the combustion instabilities. The initial frequency was chosen after applying the short-
time Fourier Transform to data whose amplitude pressure oscillation were 5% higher than the chamber pressure. 
Therefore, fini values for the stable test cases were disregarded (Tests #1, #3-4, #14, #16-26) in Table 3. To calculate 
τpre and τcomb, Eq. (11) and Eq. (12) were used, respectively. Flow velocity in the pre-combustion chamber, upre, in 
Eq. (11), was taken as the mean value between the velocity at the injector exit and the velocity at the head end of 
fuel grain. The nitrous oxide injected in the pre-combustion chamber was assumed to be half in liquid phase and half 
in the gas phase. The quality parameter χ was then set to 0.5, and it was used to calculate the flow velocity at the 
injector exit. Flow in the fuel port was considered an ideal gas. The value of the coefficient c' in Eq. (12) should be 
estimated for the specific operating conditions of a given hybrid rocket engine. A rigorous estimation of c' is beyond 
the scope of this work, and, for simplicity, a constant value of 1.0 for c' is considered in this analysis. The proposed 
value is smaller than the one (c'=2.05) used in the τbl model in [22], but it is larger than that (c'=0.55) obtained 
considering a boundary layer with frozen chemistry and without blowing effect [22]. 
 Table 3 Hybrid combustion instability test results 
 
Test 
No. 
 
Injector type 
Lpre 
(mm) 
Dini 
(mm) 
O/F 
Pc 
(bar) 
∆P 
(bar) 
τpre 
(ms) 
τcomb 
(ms) 
θg (ms) max
/ cP P  
(%) 
 fini 
(Hz) 
1 UnB SH 2/16 56.6 51 1.7 13.5 37.5  2.20  0.73 13.62 0.2 - 
2 UnB SH 2/16 56.6 34 6.5 44.0 14.5  0.53  0.28  12.33 7.8 156 
3 UnB SH 1/6+2/10 56.6 34 2.8 25.6  19.1  1.06 0.48  14.99 1 - 
4 UnB SH 1/6+2/10 56.6 34 4.9 3.5 35.5  0.08  0.03  1.75 3 - 
5 UnB SH 1/6+2/10 56.6 34 4.2 37.0 13.3  0.69  0.36  8.68 5.5 140 
6 UnB SH 1/6+2/10 56.6 34 4.2 40.5 10.5  0.76 0.41  26.42 6.2 166 
7 UnB SH 1/6+2/10 56.6 34 3 39.5 8.8  0.93  0.49  24.56 5.6 150 
8 UnB SH 1/6+2/10 56.6 34 5.5 39.9  10.6  0.58  0.33  7.89 5.4 145 
9 UnB SH 1/6+2/10 56.6 34 5.1 37.0  11.2  0.64  0.34  15.89 5.9 133 
10 UnB SH 1/6+2/10 56.6 34 5.1 36.5  8.5  0.71 0.38  16.53 5.5 152 
11 UnB Axial 10.25/1 76.6 34 4.8 23.4  22.1  0.74  0.23  8.06 10 107 
12 UnB Axial 10.25/1 76.6 34 4.3 33.0 11.0  1.44  0.45  17.33 28.4 75 
13 UnB Axial 10.25/1 76.6 51 3.4 20.0  24.0  2.33  0.78  30.12 25 65 
14 UnB SH 1/6+2/10 157.6 34 5.4 36.0  13.0  1.66 0.32  33.8 1 - 
15 UnB Axial 10.25/1 177.6 34 3.8 34.8 13.7 2.70  0.36 38.52 18 52 
16 ULB HC 102.5 30 2.4 18.5  27.7  0.55  0.14  22.66 1 - 
17 ULB HC 102.5 30 2.5 19.6  26.7  0.54  0.15  22.62 1.1 - 
18 ULB PSW 102.5 30 5.1 18.1  29.2  0.36  0.11  25.66 1.5 - 
19 ULB PSW 102.5 30 5.4 20.8  33.1  0.35  0.11  25.37 3.8 - 
20 ULB SH 1.4/11 102.5 30 3.5 17.7  27.2  0.47  0.14  22.66 0.7 - 
21 ULB SH 1.4/11 102.5 30 2.5 16.5  30.0  0.54  0.14  23.44 1.2 - 
22 ULB SH 1.4/21 102.5 30 3.8 24.0  21.6  0.51  0.14  22.13 1.2 - 
23 ULB SH 1.4/21 102.5 30 4.1 25.3 28.4  0.43  0.12  24.9 1.2 - 
24 ULB SH 1.4/21 102.5 30 3.8 29.9  31.8  0.54  0.15  20.15 1.1 - 
25 ULB VOR 102.5 30 3.3 26.2  22.1  0.63  0.16  20.88 3.1 - 
26 ULB VOR 102.5 30 3.5 26.2 21.4 0.59 0.15 20.95 4.5 - 
27 UnB SH 1/6+2/10 56.6 34 13.9 38.5 6.5 0.89 1.17 23.19 6.4 118 
 
A. Nature of Feed Coupled System Instability 
From Table 3, it can be seen that the system was unstable for most of small injector pressure drop tests. As for 
the ULB campaign, injector pressure drops higher than 19 bar kept the system stable in all tests. These results are 
consistent with the stability limit analysis result in Section 3, except for tests #11, #13 and #14, from the UnB 
campaign. As mentioned earlier, it is clear that injector type has a great influence on combustion instability of 
hybrid rockets. However, this influence is much less important on the feed-system coupled instability under large 
pressure drop. It is expected that the injector geometry greatly influences other combustion instability modes, such 
as the intrinsic instability of hybrid rockets where the injection mass flow rate is decoupled from the chamber 
pressure [8-13]. 
 
The plots of the pressure for two hybrid engine tests conducted at UnB are shown in Fig. 7. The first plot is 
related to test #3 (showerhead injector), showing 19.1 bar of pressure drop and a very stable combustion. The second 
plot refers to test #12 (one-hole axial injector) and presents severe pressure oscillations. Injectors with multiple 
small diameter orifices operate like a flow isolation element, decoupling the motor from the feed-system, thus 
blocking motor pressure disturbances propagation upstream through the oxidizer feed line. Oxidizer flow rate in 
motors with a large orifice injector (or without an injector) is strongly affected by the downstream pressure inside 
the combustor. Combustion instabilities related to feed-system mode may occur even in cases where a flow isolation 
element is used. Nevertheless, systems without a flow isolation element are much more prone to present instability 
[2, 7]. The showerhead injectors with multiple small diameter orifices could run as a flow isolation element, 
occurring flash vaporization phenomenon. Flashing of a two-phase flow system can attenuate pressure fluctuations 
traveling upstream through the oxidizer injector. Since nitrous oxide has a high vapor pressure liquid at room 
temperature, flash vaporization can occur within the injector orifice, making a two-phase flow. It was observed in 
[27] that mass flow rate approaches a critical value for injectors with large orifice length to diameter ratio (L/D), 
having flash vaporization, where the flow rate is independent of the downstream pressure. Thus, it might break the 
mechanism for coupling between the combustion chamber and the oxidizer feed system [27]. L/D of the one-hole 
injector is less than those of the showerhead injectors, as shown in Table 2. Therefore, it can be anticipated that, in 
the absence of other dumping effects, the one-hole injector has a strong tendency of propagating pressure waves to 
the oxidizer feed system. It can be seen that tests #11 and #13 (with the one-hole axial injector) generate large 
pressure oscillations, even though pressure drops above 22 bar, as shown in Table 3. 
 
(a)                (b) 
Fig. 7 Chamber and feed pressure time traces for test #3(a) and #12(b): Injector type effect. 
 
The influence of the pre-combustion chamber length on the stability of the system can be seen by comparing test 
#9 and test #14 with the relative longer pre-combustion chamber. The pre-combustion chamber length was 101 mm 
longer for the latter with respect to the former. Test #14 with the long pre-combustion chamber was very stable, 
even though it operated under relatively low injector pressure drop of 13 bar. The grain initial diameter and length, 
O/F ratio, the chamber pressure, and the injector pressure drop are equivalent or quite similar for both tests. Plots of 
system pressures, for both tests, are shown in Fig. 8. Considering that most of the parameters were analogous except 
for the pre-combustion chamber length, it was possible to conclude that the pre-combustion chamber design had a 
substantial influence on the pressure oscillations of the system. The long large pre-combustion chamber might have 
contributed to the stabilization of the system. From a practical point of view, however, such a long pre-combustion 
chamber length penalizes rocket weight and should be only considered after a trade-off analysis. 
 
(a)                (b) 
Fig. 8 Chamber and feed pressure time traces for #9(a) and #14(b); Lpre effect. 
 
This result, a priori, may seem inconsistent with the result from the stability limit analysis in Section 3, from 
which reduced pre-combustion chamber length (or small τpre) is expected to improve the system stability. However, 
the relative role of the increased chamber volume, captured in θg parameter, should be considered in the analysis. 
From Eq. (11), τpre correlates linearly with pre-combustion chamber length while θg correlates with the total volume 
of the combustor. An increase in τpre due to a longer pre-combustion chamber is followed by an increase in the gas 
residence time inside the motor (θg). As it can be seen from Fig. 1, large θg increases the stability locus. Comparing 
the parameters, test #14 had larger θg than test #9 thus favoring combustion stability. Nevertheless, it is not 
sufficient to investigate the stability behavior for test #14 only under the aspect of the θg increment, because the 
ratios between θg and τpre for tests #9 and #14 were similar and around 30. This is supposedly due to the fact that the 
role of *comb  is important on the instability amplitude. 
 
Figure 9 shows the stability limit curves for two values of *comb  using the linearized model in Section 3 and the 
experimental data from the both test campaigns. The stable test cases #1 and #4 in which ∆P* was larger than 4 were 
not plotted. It was confirmed from the stability limit analysis that the parameters such as the ratio of the injector 
pressure drop to the operating chamber pressure (∆P*), the pre-combustion chamber residence time (τpre), the gas 
residence time (θg), and the combustion time lag (τcomb) strongly affect the stable region. The tests were not 
sufficient to investigate all the parameters in the model. Nonetheless, the proposed method could reasonably predict 
stability behavior of the system, although a detailed investigation on the influence of the parameter *comb  on 
stability limits is needed to completely validate the model. 
 
The tests from ULB had relatively large ∆P* and θg/τpre which were sufficient to stabilize the combustion process. 
As shown in Fig. 9, ∆P* higher than unity was a key factor for stable operation, except for tests #11 and #13, in 
which the one-hole injector was used. Tests #11 and #13, from the ∆P* point of view, would fall in the stable region, 
based strictly on the theoretical analysis (Fig. 9). This type of injector design led to unstable operation regardless of 
the device`s pressure drop, as mentioned earlier. The level of pressure decay imposed by the injector of the order of 
24 bar in test #13 was not sufficient to damp the pressure oscillations from the combustion chamber to the feed line, 
whereas the showerhead injector was able to decouple the pressure disturbances between the combustion chamber 
and the feed system at even lower pressure drop. Hybrid rocket engines without a flow isolation element are much 
more prone to feed-system coupled instability. The proposed linear system theory method cannot straightforwardly 
be applied to systems without some sort of isolation element. 
Of great interest to the stability limit analysis is the smooth operation of test #14 which had the long pre-
combustion chamber. Test #14 was conducted under stable conditions, whereas other tests, including test #9, with 
similar θg/τpre and ∆P* to those of test #14 were unstable, as shown in Fig. 9. From the stability analysis applying the 
linearized model, it was possible to show that the stability limit curves are greatly influenced by ∆P*, θg/τpre, and 
*
comb . Despite the similarities of ∆P* and θg/τpre calculated for tests #14 and #9, respectively, the product  ∙τcomb 
( *comb ) can be different for the tests #14 and #9. The parameter 
*
comb  depends on pre-combustion chamber length 
through   which varies with the length. It has been observed that this is indeed case with long pre-combustion 
chamber length in Table 3, which is attributed to the fact that there is lower system frequency. The value of   for 
#14 was around 500 rad/s, while the value for #9 was 840 rad/s. The range of   for the other unstable test data, 
having the short pre-combustion chamber and the shower head injector, was 880 to 1040 rad/s. The parameter τcomb 
was likely also to be altered as the pre-combustion chamber length increased. The incoming oxidizer in a long pre-
combustion chamber has sufficient time to vaporize, as opposed to a short one. Thus, properties of the N2O flow at 
the flame front, such as oxidizer temperature and vapor quality (mvapor/mtotal), depend on the pre-combustion 
chamber length. The properties influence τcomb, and the coefficient c' might differ depending on pre-combustion 
chamber lengths. The stability limit curves for two arbitrary values of *comb are plotted in Fig. 9, and the parameter 
*
comb  might have influenced the stability behavior for #14. However, the investigation of the effect of 
*
comb  on the 
oscillation amplitude for #14 is not sufficient because of the difficulty in the calculation of the coefficient c' in the 
τcomb model. c' should be estimated for specific operating conditions, and it can be different for each test, especially 
for different pre-combustion chamber lengths. However, it couldn’t find out c' determined empirically in the scope 
of this research, and c' was assumed as 1.0 equally for the all tests. 
 
Fig. 9 Comparison of stability limit analysis for test data. 
 
B. Feed Coupled System Instability Frequency Analysis  
Figure 10 shows the chamber dynamic pressure plots and the Fourier Transform from test #9. From Table 3, it 
can be seen that the motor operated with the showerhead injector, 56.6 mm pre-combustion chamber length, and 34 
mm initial fuel port diameter burning with an oxidizer to fuel ratio of 5.1. The combustion process took place at the 
initial chamber pressure of 37 bar with a pressure drop of 11.2 bar. The main operating parameters of the motor 
were: 0.64 ms for the pre-combustion chamber residence time; 0.34 ms for the combustion lag time; 23.59 ms for 
the gas residence time; and 133 Hz initial fundamental frequency from the short-time Fourier Transform result. The 
chamber pressure oscillated, around 6% of the mean chamber pressure, in a coherent fashion, and the instability 
characteristics resembles, to some extent, those from liquid rocket feed-system coupled instability. In liquid rocket 
engines, the feed system coupled instabilities are characterized by regular pressure oscillations, fairly uniform 
oscillations amplitude, reasonably narrow bandwidth peak of the Fourier Transform of the pressure signal, and a 
non-shift in time of the oscillation frequency, whereas Fig. 10 shows a wide range of oscillation frequencies which 
is typical of the hybrid rocket system dynamic pressure. The Fourier Transform indicated the fundamental 
frequencies spanning from about 50 to 140 Hz, which differs from liquid rocket engines, since pressure signals in 
liquid engines occur in narrow bandwidth. In hybrid rocket engines, the chamber volume changes as the fuel is 
consumed as opposed to the constant volume of liquid rocket engines. This change in volume occurred at the head 
and aft ends of the fuel grain as well as in the fuel port. The alteration of the volume of the pre-combustion chamber 
might have influenced on the instability frequency. 
 
(a)                (b) 
Fig. 10 Chamber dynamic pressure time traces(a) and Fourier Transform(b) for test # 9. 
 
The dynamic influence of the fundamental frequency of the combustion chamber can be analyzed in Fig. 11, 
where the frequency responses for the pressure signals obtained from tests #9 and #27 are shown. Both tests were 
conducted using the same motor configuration, except for the solid fuel types. Paraffin was used in test #9 while 
HDPE was used in test #27. The fundamental oscillation frequency does not shift significantly over time when 
HDPE was used as a solid fuel. Conversely, a shift in the fundamental frequency was observed for the burning of 
paraffin. An almost steady decay of the fundamental frequency over time, from 140 to 50 Hz, can be seen from the 
left plot in Fig. 11. In the tests, the fuel regression rate at the head end of solid grain was much higher for the 
paraffin than for the polymer fuel (HDPE), and the alteration in the pre-combustion chamber length was larger for 
test #9 than for test # 27. Therefore, one can infer that the pre-combustion chamber length has a strong influence on 
the fundamental frequency of the system. 
 
  
(a)                 (b) 
Fig. 11 Contour plots of Fourier Transform in time-frequency for test #9(a) and #27(b). 
 
A plot of the pre-combustion chamber residence times against the pressure oscillation frequencies indicates how 
the fundamental frequency correlates with τpre. Fig. 12 shows the fundamental frequency with respect to the pre-
combustion chamber residence time (τpre) as calculated by the model, Eq. (11), for each test. It can be seen that the 
measured frequencies decrease as τpre increases, and the trend was also captured by the parametric analysis from 
Section 3.2. Therefore, one can infer that the pre-combustion chamber length and the flow velocity in a pre-
combustion chamber play a relevant role to the frequency response of the feed-system coupled instability in hybrid 
rocket engines. 
 
Fig. 12 Curve fit for feed-system coupled instabilities from UnB test data. 
 
The correlation calculated from Fig. 12 gives the following equation for the fundamental frequency as a function 
of the pre-combustion chamber residence time. 
 
  0.60.6
1.73
1.73 /
τ pre prepre
f u L   (16) 
 
The constant, 1.73, in Eq. (16) depends on the operating conditions of a given hybrid rocket engine such as the 
quality parameter (χ). In this research, the nitrous oxide passed through the injector was assumed to be a mixture of 
50% liquid and 50% gaseous N2O. 
VI.Conclusion 
In this paper, feed-system coupled instabilities for hybrid rockets have been analyzed, both theoretically and 
experimentally. An extended mathematical model for the instability related to the coupling between the combustion 
chamber and feed system was developed, and experimental tests with significant combustion pressure oscillations 
were used to validate the model. The natures of the feed-system coupled instabilities for hybrid rocket engines were 
investigated, and the frequency analysis for the instability was performed. 
The stability analysis based on the proposed extended model with typical linear dynamical system tools could be 
an effective method to predict the condition of stable and unstable regimes in typical hybrid motor configuration. 
The analysis confirmed that parameters such as the ratio of injector pressure drop to operating chamber pressure 
(∆P*), the bulk gas residence time (θg), the pre-combustion chamber residence time (τpre), and the combustion time 
lag (τcomb) affect the pressure oscillation amplitude and the frequency of the feed system coupled instabilities for 
hybrid rockets. 
 Large injector pressure drop suppressed the feed system coupled instabilities, and ∆P* higher than unity was a 
key factor for stable operation. The injector design is also a key element for the stability of the system, however this 
influence is much less important on the feed-system coupled instability under large pressure drop. Hybrid rocket 
engines without a conventional injector are much more prone to cause feed-system coupled instability. The long pre-
combustion chamber contributed to the stabilization of the system, possibly due to *comb  effect on the instability. 
The influence of *comb  is significant on the oscillation amplitude for the feed system coupled instabilities, whereas 
τcomb had a small effect on the oscillation frequency. More investigation on the influence of the parameter *comb  on 
stability limits is needed to completely validate the model. 
τpre significantly contributes to the period of the pressure oscillations. The pre-combustion chamber length and 
the flow velocity in a pre-combustion chamber play an important role in the frequency response of the feed-system 
coupled instability in hybrid rocket engines. The correlation f=1.73/(τpre)0.6 was proposed in order to predict the 
instability fundamental frequencies. In spite of some similarities related to the feed-system response to pressure 
oscillation inside the combustor, hybrid rocket engines show a shift in the system frequencies over time, a particular 
characteristic not observed in liquid rocket engines. 
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